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A NEW FAMILY OF BIQUADRATIC FIELDS HAVING A
NON-PRINCIPAL EUCLIDEAN IDEAL CLASS
SU HU AND YAN LI*
Abstract. In this paper, based on the theory of genus fields of bi-
quadartic fields, we find a new larger family of biquadratic fields having
a non-principal Euclidean ideal class, which implies the main results of
[2].
1. Introduction
An integral domain is Euclidean if there is a function
N : R \ {0} → N
satisfying the property: for all a, b ∈ R, if b 6= 0, then there exists q, r ∈ R
such that a = bq + r with r = 0 or N(r) < N(b).
Generalizing the definition of Euclidean domains, H.W. Lenstra in 1979
introduced the following concept of Euclidean ideals.
Definition 1.1 (Lenstra [7]). Let R be a Dedekind domain and I be the
set of all fractional ideals containing R. A fractional ideal C of R is said
to be an Euclidean ideal if there exists a function ψ : I → W , for some
well-ordered set W , such that for all I ∈ I and all x ∈ IC \ C, there exists
some y ∈ C such that
(1.1) ψ((x− y)−1IC) < ψ(I).
Lenstra also proved that if C an Euclidean ideal, then every ideal in the
ideal class [C] is also Euclidean. Therefore, we can say Euclidean ideal class.
It is interesting to find certain number field K which contains a non-
principal Euclidean ideal class. Suppose that K is an algebraic number field,
OK is its ring of integers, ClK is the ideal class group and hK is the ideal
class number. A necessary condition is that if OK has an Euclidean ideal
class, then ClK is cyclic ([7, Theorem 1.6]). Lenstra [7] proved a converse
statement, that is, if the generalized Riemann hypotheses (GRH) is true,
then all the number fields with cyclic class group, except the imaginary
quadratic fields, have an Euclidean ideal class. This is equivalent to say, in
the assumption of GRH, if rank(O∗K) ≥ 1, then OK has an Euclidean ideal
class if and only if ClK is cyclic. In order to remove the assumption of GRH,
Graves [3] proved the following result.
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Theorem 1.2 (Graves [3]). Suppose that K is a number field such that
|O∗K | =∞, and that C is a non-zero ideal of OK . If [C] generates the class
group of K and
|{prime ideal ℘ ⊂ OK : N(℘) ≤ x, [℘] = [C], π℘ is onto }| ≫ x
(log x)2
,
where π℘ is the canonical map from O∗K to (OK/℘)∗, then [C] is an Eu-
clidean ideal class.
Before obtaining the above result, in 2011, Graves and Ram Murty [4]
already found a biquadratic field Q(
√
2,
√
35) has a non-principal Euclidean
ideal class. The proof was based on the following result.
Theorem 1.3 (Graves and Ram Murty [4]). Let K be a totally real num-
ber field with conductor f(K) and let {e1, e2, e3} be a multiplicatively in-
dependent set contained in O∗K . If l = lcm(16, f(K)), and if gcd(u, l) =
gcd(u−1
2
, l) = 1 for some integer u, then∣∣{primes ℘⊆OK
of degree one : N(℘) ≡ u (mod l), N(℘) ≤ x, 〈−1, ei〉։ (OK/℘)∗
}∣∣≫ x
(log x)2
,
for at least one i.
Then Hsu [5] explicitly constructed a family of biquadratic fields and
cyclic quartic fields with unit rank 3 having an Euclidean ideal class. His
result reads as follows.
Theorem 1.4 (Hsu [5]). SupposeK is a quartic field of the form Q(
√
q,
√
kr).
Then K has a non-principal Euclidean ideal class whenever hK = 2. Here
the integers q, k, r are all primes ≥ 29 and are all congruent to 1 (mod 4).
Recently, Chattopadhyay and Muthukrishnan [2] further found the fol-
lowing two other families of biquadratic fields which have an Euclidean ideal
class by using the theory of Hilbert class fields.
Theorem 1.5 (Chattopadhyay and Muthukrishnan [2, Theorem 1.4]). Let
K1 = Q(
√
q,
√
kr), where q ≡ 3 (mod 4) and k, r ≡ 1 (mod 4) are prime
numbers. Suppose that hK1 = 2. Then K1 has an Euclidean ideal class.
Theorem 1.6 (Chattopadhyay and Muthukrishnan [2, Theorem 1.5]). Let
p, q be two prime numbers with p, q ≡ 1 (mod 4). Then the biquadratic field
K2 = Q(
√
2,
√
pq) with hK2 = 2 has an Euclidean ideal class.
Combing the above two theorems, Chattopadhyay and Muthukrishnan
got the following main result.
Theorem 1.7 (Chattopadhyay and Muthukrishnan [2, Theorem 1.6]). Let
K = Q(
√
p1,
√
q1q2), where p1 is any rational prime and q1, q2 ≡ 1 (mod 4)
are prime numbers. If hK = 2, the K has an Euclidean ideal class.
In this paper, based on the theory of genus fields of biquadartic fields, we
find a new large family of biquadratic fields having a non-principal Euclidean
ideal class. our main result is as follows.
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√
p1,
√
q1q2), where p1, q1, q2 are three distinct
primes. Assume q1 6= 3 and q2 6= 3. Under the conditions
i). hK is a power of 2,
ii). the Hilbert genus field G(K) = Q(
√
p1,
√
q1,
√
q2),
K has an Euclidean ideal class.
Remark 1.9. We remark here that the above theorem implies the main re-
sults of Chattopadhyay and Muthukrishnan (see Theorem 1.7). The reason
is as follows.
By definition, the Hilbert genus field G(K) is the maximal unramified
abelian extension of K of exponent 2. Since hK = 2, G(K) = H(K) is a
quadratic extension ofK. Now Let L = Q(
√
p1,
√
q1,
√
q2). For i = 1, 2, since
qi ≡ 1 (mod 4), the only ramified primes in Q(√qi) is qi. As L = KQ(√qi),
the primes of OK not lying above qi is unramified in L. Hence L/K is an
unramified extension. Therefore G(K) = L = Q(
√
p1,
√
q1,
√
q2). Thus the
biquadratic field K = Q(
√
p1,
√
q1q2) in Theorem 1.7 satisfies the conditions
of Theorem 1.8, and has an Euclidean ideal class.
Remark 1.10. In Section 4, we shall simplify the conditions of Theorem
1.8. Indeed, the condition i) is equivalent to
i’) hQ(√p1) = 1, hQ(√q1q2), hQ(√p1q1q2) is a power of 2.
Based on works of Yue [10], Bae and Yue [1], Ouyang and Zhang [8], in The-
orem 4.1, we will explicitly list all the quadratic fields K = Q(
√
p1,
√
q1q2)
with p1, q1, q2 three distinct primes, whose Hilbert genus field G(K) is equal
to Q(
√
p1,
√
q1,
√
q2). This simplifies the condition ii) of Theorem 1.8.
2. Preliminaries
2.1. Lemmas.
Lemma 2.1 ([2, Proposition 1]). The conductor f(K) of the real quadratic
field K = Q(
√
m) is
f(K) =
{
m if m ≡ 1(mod 4)
4m if m ≡ 2, 3(mod 4)
where m > 0 is a squarefree integer.
Lemma 2.2 ([2, Lemma 3]). Let L be an abelian number field and let K1,
K2 be two subfields of L such that L is the compositum of K1 and K2.
Then f(L) = lcm(f(K1), f(K2)), where f(K1), f(K2) and f(L) are the
conductors of K1, K2 and L, respectively.
2.2. Genus fields. For a number field K, the genus field of K is defined
to be the subfield G(K) of the Hilbert class field H(K) invariant under
Gal(H(K)/K)2. From the Artin’s reciprocity map,
(2.1) Cl(K) ∼= Gal(H(K)/K)
and
(2.2) Cl(K)/Cl(K)2 ∼= Gal(G(K)/K).
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Let K = Q(
√
p,
√
d) be a real quadratic fields with p ≡ 1(mod 4) or
p = 2, and d is a squarefree positive integer. In 2010, Yue [10] constructed
the genus field G(K) of K explicitly if p ≡ 1(mod 4) and d ≡ 3(mod 4).
Then, in 2011, Bae and Yue [1] completed Yue’s work in the remaining
cases.
In 2015, Ouyang and Zhang [8] described the genus field G(K) of K =
Q(
√
δ,
√
d) explicitly, if δ = p, 2p or p1p2 where p, p1 and p2 are primes
congruent to 3 modulo 4, and d is any squarefree positive integer. The works
of Yue, Bae and Yue, Ouyang and Zhang completed the construction of the
genus field of real biquadartic fields K = k0(
√
d) such that k0 = Q(
√
δ) has
an odd class number.
3. Proof of Theorem 1.8
By (2.2) and condition ii),
Cl(K)/Cl(K)2 ∼= Gal(Q(√p1,√q1,√q2)/Q(√q1,√q1q2)) ∼= Z/2Z
Combining condition i), Cl(K) is a cyclic group of order 2t(t > 1).
The proof is based on Theorem 1.2 and Theorem 1.3.
Firstly, to apply Theorem 1.2, we characterize the following set:
(3.1) S =
{
primes p : 2 ∤ p, pOK =
4∏
i=1
℘i, [℘i] generates Cl(K)
}
.
For such prime p, p splits completely in OK , then
(3.2)
(
p1
p
)
= 1,
(
q1q2
p
)
= 1
Denote one of ℘i by ℘, since Cl(K) is cyclic of order 2
t. [℘] generates Cl(K)
if and only if the image of [℘] in Cl(K)/Cl(K)2 is nontrivial. This can be
checked by Artin reciprocity map as follows. Considering
Cl(K)/Cl(K)2 → Gal(G(K)/K) →֒ Gal(G(K)/Q)
[℘] modCl(K)2 7→ (℘,G(K)/K) 7→ (p,G(K)/Q),
as G(K) = Q(
√
p1,
√
q1,
√
q2), we have
Gal(G(K)/Q) ∼= µ2 × µ2 × µ2
(p,G(K)/Q) 7→
((
p1
p
)
,
(
q1
p
)
,
(
q2
p
))
.
Combining (3.1), [℘] generates Cl(K) if and only if(
p1
p
)
= 1,
(
q1
p
)
= −1,
(
q2
p
)
= −1.
Therefore
(3.3) S =
{
primes p : 2 ∤ p,
(
p1
p
)
= 1,
(
q1
p
)
= −1,
(
q2
p
)
= −1
}
.
5Secondly, we apply Theorem 1.3 to show there are enough primes p
in S, such that π℘ is onto. This needs to check S contains an arithmetic
progression p ≡ u (mod l), for some u satisfying
gcd(u, l) = gcd
(
u− 1
2
, l
)
= 1,
where l = lcm(16, f(K)).
By Lemma 2.1 and Lemma 2.2, we have 16|l, p1q1q2|l and the prime
factors of l are 2, p1, q1, q2.
If p1, q1, q2 are odd, by the quadratic reciprocity law, the primes p ∈ S
must satisfy
(
p
p1
)
= (−1) (p1−1)(p−1)4(
p
q1
)
= (−1) (q1−1)(p−1)4 +1(
p
q2
)
= (−1) (q2−1)(p−1)4 +1
(3.4)
By the assumption q1 6= 3 and q2 6= 3. If p1 6= 3, there are at least 2
quadratic residues modulo each prime p1, q1, q2, so we can choose p 6≡ 1
(mod 4), p 6≡ 1 (mod p1), p 6≡ 1 (mod q1), p 6≡ 1 (mod q2). Otherwise if
p1 = 3, we can let p ≡ −1 (mod 4). By equation (3.4),
(p
3
)
= −1. Then
p 6≡ 1 (mod 3). Therefore by the Chinese remainder theorem for p1, q1, q2
being odd, we can choose u such that
gcd(u, l) = 1, u 6≡ 1 (mod 4), u 6≡ 1 (mod p1), u 6≡ 1 (mod qi)
where i = 1, 2, and if p ≡ u (mod l), then p ∈ S.
The case that p1, q1, q2 contains 2, can be handled similarly by using the
fact (
2
p
)
= 1⇐⇒ p ≡ ±1 (mod 8).
Summing up, we show that S contains an arithmetic progression of
primes p ≡ u (mod l).
Finally, by Theorem 1.3,
{prime ideal ℘ ⊂ OK : N(℘) ≤ x,N℘ ∈ S, π℘ is onto } ≫ x
(log x)2
,
Then using Theorem 1.2, [℘] is an Euclidean ideal class, which concludes
the proof.
4. Simplification of conditions of Theorem 1.8
Using Kuroda’s class number formula (see [6]), the condition (i) of Theo-
rem 1.8 can be simplified. Indeed, for real biquadratic fields K with interme-
diate quadratic fields K0, K1, K2, their class numbers satisfy h =
1
n
h0h1h2
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with n = 1, 2, 4, where h, h0, h1, h2 are class numbers of K,K0, K1, K2, re-
spectively. As the class number of Q(
√
p1) is odd, the condition i) is equiv-
alent to
i’) hQ(√p1) = 1, hQ(√q1q2), hQ(√p1q1q2) is a power of 2.
Based on works of Yue, Bae and Yue, Ouyang and Zhang, we prove the
following theorem, which simplify the condition ii) of Theorem 1.8.
Theorem 4.1. Let K = Q(
√
p1,
√
q1q2), where p1, q1, q2 are three distinct
primes. Let ε be the fundamental unit of k0 = Q(
√
p1), Nk0(
√
ε)/k0 be the
norm map from k0(
√
ε) to k0. Then G(K) = Q(
√
p1,
√
q1,
√
q2) if and only
if p1, q1, q2 belongs to one of the following cases.
Case 1. p1 ≡ 1 (mod 4), d = q1q2 ≡ 1 (mod 4)
• q1, q2 ≡ 1 (mod 4),
(
p1
q1
)
=
(
p1
q2
)
= −1
• q1, q2 ≡ 1 (mod 4),
(
p1
q1
)
= 1,
(
p1
q2
)
= −1, q1 6∈ Nk0(√ε)/k0(k0(
√
ε))
Case 2. p1 ≡ 1 (mod 4), d = 2q1
• p1 ≡ 5 (mod 8),
(
p1
q1
)
= −1, q1 ≡ 1 (mod 4)
• p1 ≡ 5 (mod 8),
(
p1
q1
)
= 1, q1 ≡ 1 (mod 4), q1 6∈ Nk0(√ε)/k0(k0(
√
ε))
Case 3. p1 ≡ 1 (mod 4), d = q1q2 ≡ 3 (mod 4)
• p1 ≡ 1 (mod 8),
(
p1
q1
)
=
(
p1
q2
)
= −1
• p1 ≡ 5 (mod 8),
(
p1
q1
)
=
(
p1
q2
)
= −1
• p1 ≡ 5 (mod 8),
(
p1
q1
)
= 1,
(
p1
q2
)
= −1, q1 ≡ 3 (mod 4)
Case 4. p1 = 2
• q1, q2 ≡ 5 (mod 8)
• q1 ≡ 1 (mod 8), q2 ≡ 5 (mod 8), q1 6∈ A+ = {a2 + 32b2|a, b ∈ Z} .
• q1 ≡ 5 (mod 8), q2 ≡ 3 (mod 8)
• q1 ≡ 7 (mod 8), q2 ≡ 5 (mod 8)
Case 5. p1 ≡ 3 (mod 4), d = q1q2 ≡ 1 or 3 (mod 4)
•
(
p1
q1
)
=
(
p1
q2
)
= −1
•
(
p1
q1
)
= 1,
(
p1
q2
)
= −1, q1 6≡ 1 (mod 8)
•
(
p1
q1
)
=
(
p1
q2
)
= 1, q1 6≡ 1 (mod 8), q2 6≡ 1 (mod 8), q1q2 ≡ 5, 7 (mod 8)
Case 6. p1 ≡ 3 (mod 4), d = 2q1
•
(
p1
q1
)
= −1
7•
(
p1
q1
)
= 1, q1 6≡ 1 (mod 8).
Proof. Case 1 follows from Theorem 3.1 of [Bae & Yue [1]].
Case 2 follows from Theorem 5.1 of [Bae & Yue [1]].
Case 3 follows from Theorem 1.1 and Theorem 1.2 of [Yue [10]].
Case 4 follows from Theorem 4.1 of [Bae & Yue [1]].
Case 5 and Case 6 follows from Theorem 3.5 of [Ouyang & Zhang [8]].
The checkment is rountine. We only illustrate Case 5. In Case 5, by
Theorem 3.5 of (Ouyang & Zhang [8]), G(K) = Q(
√
p1,
√
q1,
√
q2) if and
only if m = r, where q1, · · · , qm are all the primes qj(j = 1, 2) satisfying(
p1
qj
)
= 1 and r is the 2-rank of µ2 × µ2 generated by
((−1
qj
)
,
(
2
qj
))
with 1 ≤ j ≤ m (See equations (3),(4),(5),(6) of [Ouyang & Zhang [8]]). We
discuss it case by case:
If m = 0, then r = 0 automatically holds.
If m = 1, then r = 1 should hold, hence
((−1
q1
)
,
(
2
q2
))
6= (1, 1), which
implies q1 6≡ 1 (mod 8).
If m = 2, then r = 2 should hold, hence q1, q2 6≡ 1 (mod 8) and
( −1
q1q2
)
6=(
2
q1q2
)
. This is equivant to q1, q2 6≡ 1 (mod 8) and q1q2 ≡ 5, 7 (mod 8). 
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